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1. Introduction
Given a riemannian manifold (M, g0) its tangent bundle, and also its tangent sphere bundle,
admits a natural riemannian metric, known as the Sasaki metric, that will be denoted by gS0 . This
is not the only riemannian structure on TM associated to g0 but will be the only one considered
in this paper.
The aim of it is to study the relationship between several functionals defined either in the
space of smooth vector fields X(M) or in its submanifold X1(M) consisting of those of unit
norm. The idea, underlying the definition of all of them, is to see a vector field just as a map
from M to the riemannian manifold (TM, gS0 ); in fact every vector field is an immersion.
The energy of a map between riemannian manifolds and the volume of an immersion, from a
differentiable manifold to a riemannian one, are functionals – well defined for closed manifolds
– that have been widely studied from a variational approach. This approach led to the important
concepts of harmonic map and minimal immersion, defined in a general manifold as those with
vanishing tension, respectively vanishing mean curvature vector field. For closed manifolds,
these tensorial conditions exactly characterize critical points of the corresponding functionals.
In [19] the author considers the question of determining those vector fields defining a har-
monic map from (M, g0) into (TM, gS0 ). After finding the expression of the energy of a vector
field, it is shown there that for compact M only parallel vector fields define harmonic maps.
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The same conclusion is reached in [16] but in this case an explicit expression for the tension
of the vector field is provided. That expression produces the necessary and sufficient tensorial
condition that a vector field must fulfil in order to define a harmonic map, valid for a general
manifold. The necessary and sufficient condition for a unit vector field to define a harmonic
map into (T 1M, gS0 ) has been obtained, recently, in [15].
The energy of a vector field admits a very simple expression: it is, up to constants, the
square of the L2-norm of the covariant derivative of the vector field. This is the definition of a
functional on X(M) known as total bending. Hence, energy and total bending give rise to the
same variational problem. The characterization of the critical points of its restriction to X1(M)
has been obtained in [25]. From the proof, it is easy to obtain also the condition corresponding
to the functional defined in all X(M). Now, comparison of these results with those of [16]
and [15], mentioned above, suggests that a critical points of the energy restricted to the space
X(M) ⊂ C∞(M, TM) need not be a harmonic map, apart from the case of a compact manifold
because then the only critical points of the restricted functional are parallel vector fields. This
comparison suggests also that a critical point of the energy restricted toX1(M) ⊂ C∞(M, T 1M)
need not be a harmonic map into (T 1M, gS0 ).
The volume of a vector field is defined as the volume of the immersion V : M → (TM, gS0 )
and the characterization of the critical points of the restriction of this functional to X1(M) has
been obtained in [10]. It is also shown there that, in contrast with the case of the energy, every
critical vector field must be a critical point of the volume functional in the whole manifold
Imm(M, T 1M) that is, V (M)must be a minimal submanifold. From the proofs in [10], it is easy
to see that these results have an analogous counterpart if we consider the volume functional
defined in X(M).
On the other hand, volume and energy of vector fields have many similarities, as can be
seen by comparing the results of [12], concerning the volume of Hopf vector fields on S3, with
those of [26] and [7] about the energy and also, in the particular case of compact surfaces,
the results for volume in [17] and for energy in [25]. The second order differential conditions
characterizing critical points of both functionals are very similar, and for Killing vector fields,
they can be written as conditions involving only first derivatives of the vector field and the
curvature tensor (see [25] for energy and [10] for volume).
Many examples, where these similarities and differences can be appreciated, can be found
in [5, 6, 9, 13, 14, 22, 23] and [24].
The method that we use here to understand the relationship between volume and energy of
vector fields is to see both functionals as the restriction, to certain submanifolds, of a single
one.
Since all the functionals considered here are obtained by integration, we will devote Section 2
to the study of a concept of gradient—and of critical point—of the integrand map and its relation
with the functional itself. One of the advantages of this approach is that this notion of critical
point is independent of the fact of the manifold being compact. On the other hand, the equation
that characterizes critical points of the restriction of the map to different submanifolds can be
obtained by projecting its gradient.
The relation between energy and volume of maps is studied in Section 3 by considering them
as the restrictions of a unique functional to certain submanifolds of C∞(M, N )×M, whereM
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is the manifold of all riemannian metrics on M . This is not an isolated situation, it was known
(see [4]) that Yang-Mills and Einstein functionals can be obtained by restriction of a unique
functional to conveniently chosen submanifolds.
For a fixed riemannian metric h on N , we will consider the map e : C∞(M, N ) × M →
C∞(M) where e(ϕ, g) is the energy density of ϕ : (M, g) → (N , h). After computing its
gradient and the condition characterizing its critical points, we can see harmonic maps, for the
metric g˜, as critical points of e restricted to the slice C∞(M, N )×{g˜}and minimal immersions as
critical points ofe restricted to the subset {(ϕ, ϕ∗h); ϕ ∈ Imm(M, N )}of isometric immersions.
Sections 4 and 5 are the core of the paper. The first of them is devoted to the study of critical
points of the map involved in the functional sending each vector field V and each metric g to
the energy density of the map V : (M, g) → (TM, gS0 ). We will obtain a characterization of
its critical points as well as of those of its restriction to each slice for fixed g˜. If, in particular,
we take either g˜ = g0 or g˜ = V ∗gS0 , this result provides, respectively, the characterization of
critical vector field for the energy in [25] and that of minimal vector field in [10].
In the last section we compute the tension of the map V : (M, g˜) → (TM, gS0 ) and use it to
find the necessary and sufficient condition for it to be harmonic. This result, that generalizes
those of [16] and [15] for the case g˜ = g0, allows us to show that the Hopf vector field of any
odd-dimensional sphere is a harmonic map from Berger’s sphere to the unit tangent bundle of
the round sphere.
Using the tension of V : (M, V ∗gS0 ) → (TM, gS0 ), we obtain a new proof of the result of [10]
asserting that every vector field which is critical for the volume restricted to vector fields must be
a minimal immersion. This proof is useful to understand why the analogous result for g˜ = V ∗gS0
is not longer true.
2. Critical points of functionals defined by an integral
Let us consider smooth manifolds M , N , possibly non-compact, and on C∞(M, N ) the
structure of smooth manifold modelled on convenient vector spaces as described in [18]. The
tangent space at a point ϕ ∈ C∞(M, N ) is, for compact M , the Fre´chet space of vector fields
along ϕ, denoted by ∞(ϕ∗TN ), and for non-compact M the space ∞c (ϕ∗TN ), of those with
compact support endowed with the inductive limit topology.
Let S ⊂ C∞(M, N ) be a smooth manifold modelled on convenient vector spaces and let us
assume that for each S ∈ S the tangent space, TSS, is obtained by intersecting ∞c (S∗TN ) with
a certain subspace T˜ SS of ∞(S∗TN ). Given metrics g, h on M , N , respectively, a metric Gg,h
on S can be defined as
Gg,hS (A, A
′) =
∫
M
(h ◦ S)(A, A′) dvg,
where dvg represents the density determined by g.
When S ⊂ ∞(T (r,s)M) is a submanifold of some space of tensor fields, then TSS ⊂
∞c (T (r,s)M) and, for a given metric g, the metric on S will be
Gg(A, A′) =
∫
M
(A, A′)g dvg,
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where (A, A′)g is the pointwise inner product of tensor fields defined by g.
If a functional F : S → R admits a gradient X S ∈ TSS, at S ∈ S, with respect to this metric,
we have that the differential (or tangent map) of F and S, that will be denoted by TS F , verifies
(TS F)(A) = Gg,hS (X S, A),
for all A ∈ TSS and the condition for S to be a critical point of F is just written as X S = 0. If
such a gradient exists we will denote it by (Grad(g,h) F)S .
For compact M , a map f : S → C∞(M) and a metric g give rise to a functional Fg : S → R
by integration
Fg(S) =
∫
M
f (S) dvg.
If there is X S ∈ TSS such that
(TS f )(A) = (h ◦ S)(X S, A) + δgαS A,
for all A ∈ TSS, where δg represents the divergence of g and αS A is some smooth 1-form on M
then
(TS Fg)(A) =
∫
M
(TS f )(A) dvg =
∫
M
(h ◦ S)(X S, A) dvg,
and so X S = (Grad(g,h) Fg)S .
Analogously, for S ⊂ ∞(T (r,s)M) if there is X S ∈ TSS such that
(TS f )(A) = (X S, A)g + δgαS A,
for all A ∈ TSS, then X S = (Gradg Fg)S .
But the vanishing of X S is a tensorial condition interesting by itself, even if the functional Fg
is not defined when M is not compact: harmonic maps, minimal immersions, Einstein metrics,
among others, are obtained by this variational method. The following development is based on
the idea that the gradient X S can be associated to f itself and so, its vanishing can be used to
define a concept of critical point of f .
Definition 1. a) Let f : S ⊂ C∞(M, N ) → C∞(M) be a smooth map and S ∈ S. If there is
X S ∈ T˜ SS ⊂ ∞(S∗TN ) such that
(TS f )(A) = (h ◦ S)(X S, A) + δgαS A,
for all A ∈ TSS, where αS A is some smooth 1-form on M with support included in the support
of A, then X S is called the (g, h)-gradient of f at S and it is denoted by (Grad(g,h) f )S .
b) Let f : S ⊂ ∞(T (r,s)M) → C∞(M)be a smooth map and S ∈ S. If there is X S ∈ T˜ SS ⊂
∞(T (r,s)M) such that
(TS f )(A) = (X S, A)g + δgαS A,
for all A ∈ TSS, where αS A is some smooth 1-form on M with support included in the support
of A, then X S is called the g-gradient of f at S and it is denoted by (Gradg f )S .
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Remark. It is clear that if in a) we consider another metric h˜ on N then
(Grad(g,h˜) f )S = (h˜−1h)((Grad(g,h) f )S).
Definition 2. a) Let f : S ⊂ C∞(M, N ) → C∞(M) be a smooth map, we will say that S ∈ S
is a g-critical point of f if and only if there is a metric h on N such that (Grad(g,h) f )S = 0.
b) Let f : S ⊂ ∞(T (r,s)M) → C∞(M) be a smooth map, we will say that S ∈ S is a
g-critical point of f if and only if (Gradg f )S = 0.
For compact M and smooth f admitting g-gradient, an element S ∈ S is a g-critical point
of f if and only if S is a critical point of the functional Fg; if M is not compact we have
Proposition 3. Let f : S → C∞(M) be a smooth map admitting g-gradient. S ∈ S is a
g-critical point of f if and only if for every open set U with compact closure, the functional
FUg : S → R, defined by
FUg (S) =
∫
U
f (S) dvg,
verifies that (TS FUg )(A) = 0 for all A ∈ TSS with support in U.
Proof. If S is g-critical then, for each A ∈ TSS, we have (TS f )(A) = δgαS A. If we assume,
moreover, that supp A ⊂ U , then supp αS A ⊂ U and (TS FUg )(A) = 0.
Conversely, let us assume that for all U ∈ T∗, where T∗ denotes the family of open subsets
of M with compact closure, the functional FUg verifies the condition.
If S ⊂ C∞(M, N ), let us write X = (Grad(g,h) f )S ∈ T˜ SS ⊂ ∞(S∗TN ). Then, given
p ∈ M , we can find u ∈ C∞(M) such that u(p) = 1, 0  u  1, and supp u ⊂ U for some
U ∈ T∗. Let us take now A = u X , then by hypothesis
0 = (TS FUg )(A) =
∫
U
(h ◦ S)(X, A) dvg =
∫
U
u(h ◦ S)(X, X) dvg,
from where X must vanish in an open neighbourhood of p.
When S ⊂ ∞(T (r,s)M), the proof is completely analogous if we take X = (Gradg f )S ∈
T˜ SS ⊂ ∞(T (r,s)M) and we use that
(TS FUg )(A) =
∫
U
u(X, X)g dvg. 
Remark. The equality (Grad(g,h) f )S = 0 is the Euler-Lagrange equation of the variational
problem corresponding to the functional Fg and it can be written even if Fg itself is not defined.
A solution S is the said to be a stationary point of Fg for variations with compact support; it is
what we have defined as a g-critical point of f .
We are going to describe now a situation very similar to the compact case. Let us denote
by L1(M, g) the space of functions u ∈ C∞(M) with finite integral and let us assume that
f : S → C∞(M) is such that f −1(L1(M, g)) is open.
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We can define a functional Fg : f −1(L1(M, g)) → R by integration and then S ∈
f −1(L1(M, g)) is a g-critical point of f if and only if it is a critical point of Fg. In this
case we have also that (TS Fg)(A) = Gg,hS ((Grad(g,h) f )S, A) for all A ∈ TSS, but (Grad(g,h) f )S
cannot be seen as the gradient of Fg at S, because in general it is an element of T˜ SS but not of
TSS = T˜ SS ∩ ∞c (S∗TN ).
It is clear that previous results can be extended, in a natural way, to maps defined in a finite
product of manifolds f : S1 × · · · × Sk → C∞(M) , where Si is a subset of either C∞(M, Ni )
or ∞(T (r,s)M).
In this paper it will be necessary to deal with a class of more general functionals, namely
those F : S×M → R obtained from a map f : S×M → C∞(M) by defining
F(S, g) =
∫
M
f (S, g) dvg.
Here M is the manifold af all riemannian metrics on M , it is an open subset of the space of
symmetric 2-covariant tensor fields S2(T ∗M).
This will extend the usual definition of critical points and gradients of riemannian functionals
(cf. [2, p. 119]). For this we only need to take S = C∞(M, M) and f (S, g) = f (g).
It is easy to see that for (S, g) ∈ S×M and (A, b) ∈ TSS× S2(T ∗M), the differential of F
at (S, g) acting on (A, b) is given by
(T(S,g)F)(A, b) =
∫
M
{(T(S,g) f )(A, b) + 12 f (S, g) tr(g−1b)} dvg.
On the other hand, for every metric h on N , a natural metric Gh on S×M is given by
Gh(S,g)((A, b), (A
′, b′))= Gg,hS (A, A′) + Gg(b, b′)
=
∫
M
(h ◦ S)(A, A′) dvg +
∫
M
(b, b′)g dvg.
In that case, of symmetric 2-covariant tensor fields, the pointwise product (b, b′)g is just
tr(g−1bg−1b′) and Gg is the usual riemannian metric in the manifold of all riemannian metrics.
The details of the geometry of this metric can be found in [11].
These formulae lead to the following
Definition 4. Let f : S ×M → C∞(M) be a smooth map and (S, g) ∈ S ×M. If there is
X (S,g) ∈ T˜ SS ⊂ ∞(S∗TN ) and b(S,g) ∈ S2(T ∗M) such that
(T(S,g) f )(A, b) = (h ◦ S)(X (S,g), A) + δgα + (b(S,g), b)g
for all (A, b) ∈ TSS × S2(T ∗M), where α is some smooth 1-form with support included in
supp A ∩ supp b, then the pair (X (S,g), b(S,g) + 12 f (S, g)g) is called the h-gradient of f at (S, g)
and it is denoted by (Gradh f )(S,g).
We will say that (S, g) is a critical point of f if and only if (Gradh f )(S,g) = 0.
As before, for compact M , the Divergence Theorem gives that critical points of f are exactly
critical points of F and that (Gradh f )(S,g) is just the gradient of F at (S, g) with respect to the
metric Gh . For non-compact M , critical points of f are characterized as in Proposition 3.
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3. Energy and volume
In this section, (N , h) will be a fixed riemannian manifold. Let M be a smooth manifold, we
can define
e : C∞(M, N ) × M → C∞(M),
(ϕ, g) −→ 12 tr(g−1ϕ∗h).
e(ϕ, g) is the energy density of the map ϕ : (M, g) → (N , h) and if M is compact the
corresponding functional obtained by integration E (ϕ, g) = ∫M e(ϕ, g) dvg maps (ϕ, g) into
the energy of the above map.
If the open submanifold of C∞(M, N ) of all immersions Imm(M, N ) is not empty, we can
see it as a subset of C∞(M, N )×M by means of the map (Id ,R), whereR is the pull-back map
R : C∞(M, N ) → S2(T ∗M) given by R(ϕ) = ϕ∗h. Its image {(ϕ, ϕ∗h) ; ϕ ∈ Imm(M, N )} is
the manifold of isometric immersions and we will denote it by IsIm(M, N ).
If we define f (ϕ) = (2/m)e(ϕ, ϕ∗h), where m is the dimension of M , then f (ϕ) = 1 and, for
compact M , E restricted to the subset of isometric immersions is, up to constants, the volume
functional F : Imm(M, N ) → R mapping ϕ into the volume of ϕ(M), in the riemannian
manifold (N , h). In order to compute the h-gradient of e it will be useful the following
Definition 5. For each (ϕ, g) ∈ C∞(M, N ) ×M a map αgϕ : X(M) × X(M) → ∞(ϕ∗TN )
can be defined by
αgϕ(X, Y ) = ∇hX (T ϕ ◦ Y ) − T ϕ ◦ ∇gX Y
where ∇h ,∇g are the Levi-Civita connections of h and g respectively.
Lemma 6. Let R be the pull-back map, then for A ∈ ∞(ϕ∗TN ) and X, Y ∈ X(M)
(TϕR)(A)(X, Y ) = 2(symm(∇gωA)(X, Y ) − (h ◦ ϕ)(A, symm αgϕ(X, Y ))),
where ωA is the 1-form on M given by ωA(X) = (h ◦ ϕ)(A, T ϕ ◦ X).
Proof. Let σ : Iσ → C∞(M, N ) be a curve, for some interval Iσ containing 0, such that
σ(0) = ϕ, σ ′(0) = A. For X, Y ∈ X(M) and p ∈ M we can consider
a(t) = R(σ (t))(X p, Yp) = hc(t)(V (t), W (t)),
where c( t) = σ( t)(p) is a curve in N and V , W are the vector fields along c given by
V (t) = Tp(σ (t))(X p) and W (t) = Tp(σ (t))(Yp).
Then (TϕR)(A)(X, Y )(p) = a′(0) and
a′(0) = hc(0)
(∇h V
dt
(0), W (0)
)
+ hc(0)
(
V (0),
∇h W
dt
(0)
)
.
Using that (∇h V /dt)(0) = ∇hX p A and (∇h W/dt)(0) = ∇hYp A we get
(TϕR)(A)(X, Y ) = (h ◦ ϕ)(∇hX A, T ϕ ◦ Y ) + (h ◦ ϕ)(T ϕ ◦ X, ∇hY A).
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Now,
(h ◦ ϕ)(∇hX A, T ϕ ◦ Y )= X((h ◦ ϕ)(A, T ϕ ◦ Y )) − (h ◦ ϕ)(A, ∇hX (T ϕ ◦ Y ))
= X(ωA(Y )) − ωA(∇gX Y ) − (h ◦ ϕ)(A, αgϕ(X, Y ))
= (∇gXωA)(Y ) − (h ◦ ϕ)(A, αgϕ(X, Y )).
and the result holds. 
The tension of ϕ in the metric g, denoted by τg(ϕ) is defined as the trace of αgϕ ; that is, if
{Ei } is a local orthonormal frame then
τg(ϕ) =
∑
i
αgϕ(Ei , Ei ).
On the other hand, in [1], the authors defined the stress-energy tensor Sg(ϕ) = ϕ∗h −
1
2 tr(g
−1ϕ∗h)g = ϕ∗h −e(ϕ, g)g; it vanishes if and only if either ϕ is constant, or m = 2
and ϕ is weakly conformal.
It is well known that τg(ϕ) vanishes if and only if the map ϕ : (M, g) → (N , h) is harmonic
and it is shown in [21] that Sg(ϕ) = 0 if and only if the energy of ϕ is stationary with respect
to deformations of the metric g. Both results are generalized in the following
Proposition 7. The map e admits a gradient and
(Gradh e)(ϕ,g) = (−τg(ϕ), − 12 Sg(ϕ)).
Proof. We need to compute the value of the differential (T(ϕ,g)e)(A, b), for all (A, b) ∈
∞(ϕ∗TN )× S2(T ∗M). By the chain rule, it is easy to see that
(T(ϕ,g)e)(A, b) = 12 tr(g−1(TϕR)(A)) − 12 tr(g−1bg−1R(ϕ)).
Now, using Lemma 6
(T(ϕ,g)e)(A, b) = δgωA − (h ◦ ϕ)(τg(ϕ), A) − 12 (ϕ∗h, b)g
and then, by Definition 4, the h-gradient of e is given by
(Gradh e)(ϕ,g) = (−τg(ϕ), − 12 ϕ∗h + 12 e(ϕ, g)g),
from where the result holds. 
Corollary 8. a) (ϕ, g) is a critical point of e|C∞(M,N )×{g} if and only if the map ϕ : (M, g) →
(N , h) is harmonic.
b) (ϕ, g) is a critical point of e|{ϕ}×M if and only if Sg(ϕ) = 0.
c) (ϕ, ϕ∗h) is a critical point of e|IsIm(M,N ) if and only if it is a critical point of e restricted
to the slice C∞(M, N )× {ϕ∗h} or, equivalently, if and only if ϕ is a minimal immersion.
Proof. Since the tangent space to the slice C∞(M, N ) × {g} is just ∞c (ϕ∗TN ) × {0} and the
tangent space to the slice {ϕ}×M is {0}× S2c (T ∗M), using the expression of the gradient, we
obtain a) and b).
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For (ϕ, ϕ∗h) ∈ IsIm(M, N ), the tangent space of the manifold of isometric immersions is the
subspace of those elements of the form (A, (TϕR)(A)) for A ∈ ∞c (ϕ∗TN ). Therefore, (ϕ, ϕ∗h)
is a critical point of e|IsIm(M,N ) if and only if tA = 0, for all A ∈ ∞c (ϕ∗TN ), where
tA = Gh(ϕ,ϕ∗h)((Gradh e)(ϕ,ϕ∗h), (A, (TϕR)(A))).
But Sϕ∗h(ϕ) = ((2 − m)/2)ϕ∗h and then by Lemma 6
tA =
∫
M
(h ◦ ϕ)(τϕ∗h(ϕ), A) dvϕ∗h + 2 − m4
∫
M
tr((ϕ∗h)−1(TϕR)(A)) dvϕ∗h
= 2 + m
4
∫
M
(h ◦ ϕ)(τϕ∗h(ϕ), A) dvϕ∗h .
Then (ϕ, ϕ∗h) is critical if and only if τϕ∗h(ϕ) = 0, which proofs c). 
If m = 2 the only critical points (ϕ, g) of e are those with ϕ a constant map, but for surfaces
the situation is more interesting.
Proposition 9. If dim M = 2 and ϕ is an immersion then (ϕ, g) ∈ C∞(M, N )×M is a critical
point of e if and only if ϕ : M → (N , h) is minimal and g is a metric in the conformal class of
ϕ∗h.
Proof. By Proposition 7, (ϕ, g) is a critical point of e if and only if τg(ϕ) = 0 and Sg(ϕ) = 0.
Under the hypotheses, these two conditions are equivalent to the immersion ϕ : (M, g) →
(N , h) being harmonic and conformal, respectively. The result holds from the fact that for
m = 2, a conformal map is harmonic if and only if it is minimal.
In fact, it is easy to see that, in general, if g˜ = λg then
τg˜(ϕ) = 1
λ
τg(ϕ) + m − 2
λ2
T ϕ ◦ gradg λ.
Then for m = 2, ϕ : (M, g) → (N , h) is harmonic if and only if ϕ : (M, g˜) → (N , h) is
harmonic for all g˜ conformal to g. 
4. Energy and volume of unit vector fields
Given M and g0 ∈ M we can take (N , h) = (TM, gS0 ) (or (N , h) = (T 1 M, gS0 )), where gS0
represents the Sasaki metric defined by g0; it can be written as
gS0 (ξ1, ξ2) = g0(T π ◦ ξ1, T π ◦ ξ2) + g0(κ ◦ ξ1, κ ◦ ξ2),
where π : TM → M is the projection and κ is the connection map of the Levi-Civita connection
of g0 (see [20, p. 55]).
In [19] it has been shown that if V is a vector field in a compact manifold M , the map
V : (M, g0) → (TM, gS0 ) is harmonic if and only if ∇V = 0. The same conclusion is obtained
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in [16] but, in this case, the explicit expression of the tension of the vector field is provided,
showing that
τg0(V )
ver = ∇∗∇V and τg0(V )hor =
∑
i
R((∇V )(Ei ), V, Ei ).
Where ∇∗∇V = ∑i (∇Ei (∇V ))(Ei ) and R is the (1, 3) curvature tensor given by
R(X, Y, Z) = −∇X∇Y Z + ∇Y ∇X Z + ∇[X,Y ]Z .
As a consequence, even when the manifold is non-compact, we can conclude that V is a
harmonic map if and only if
(a)
∑
i
R((∇V )(Ei ), V, Ei ) = 0 and (b) ∇∗∇V = 0.
It is also easy to show (see [15], for the compact case) that if V is a unit vector field then the
map V : (M, g0) → (T 1 M, gS0 ) is harmonic if and only if
(a)
∑
i
R((∇V )(Ei ), V, Ei ) = 0 and (b′) ∇∗∇V is colineal to V .
We can consider the inclusions X(M) ⊂ Imm(M, TM) ⊂ C∞(M, TM) and X1(M) ⊂
Imm(M, T 1 M) ⊂ C∞(M, T 1 M). Here X1(M) is the set of unit vector fields, that we will
assume to be nonempty; it is a splitting LF-submanifold ofX(M), such that for each V ∈ X1(M)
there is a chart modelled onHV ∩Xc(M), whereHV represents the space of vector fields that
are g0-orthogonal to V (see [8]).
Moreover, given V ∈ X(M), an element ξ ∈ TV (Imm(M, TM)) = ∞c (V ∗T TM) is tangent
to X(M) if and only if it is a section of the vertical bundle (that is, if ξp ∈ TV (p)(Tp M) for all
p ∈ M) and analogously for V ∈ X1(M). Then we have the following
Proposition 10. For a map ϕ : (M, g0) → (TM, gS0 ), let e(ϕ) be its density energy and, for
compact M , let E(ϕ) be the energy of the map, then
a) V is a critical point of e|X(M) if and only if ∇∗∇V = 0 and V is a critical point of
e|X1(M) if and only if ∇∗∇V is colineal to V .
b) If M is compact, V is a critical point of E |X(M) if and only if ∇∗∇V = 0 if and only if
∇V = 0.
c) If M is compact, V is a critical point of E |X1(M) if and only if ∇∗∇V is colineal to V .
Several authors have obtained part c) by direct computation (see [25, 27]) using that for a
vector field V , the energy of the map V : (M, g0) → (TM, gS0 ) is given by
E(V ) = 1
2
∫
M
tr(LV ) dvg0,
where LV = g−10 (V ∗gS0 ) = Id + (∇V )t ◦ ∇V .
It will be convenient to point out that the vector field ∇∗∇V is associated by g0 to the
1-form ωV = C11∇(∇V )t where C11 represents the tensor contraction and so, for a general
endomorphism field K , (C11∇K )(X) =
∑
i ((∇Ei K )X)i . Therefore, condition (b′) can be written
as ωV (H
V ) = {0}.
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It is easy to see that for a vector field the volume of the immersion V : M → (TM, gS0 ) is
F(V ) =
∫
M
f (V ) dvg0,
where f (V ) = √det(LV ). The differential of the map f : X1(M) → C∞(M) has been
computed in [10], it has been shown there that
Proposition 11. V is a critical point of f if and only if ω˜V = 0, where ω˜V = C11∇KV with
KV =
√
det(LV )L−1V ◦ (∇V )t and V is a critical point of f |X1(M) if and only if ω˜V (HV ) = {0}.
Moreover, V is critical of f (resp. f |X1(M)) if and only if V is a minimal submanifold of
(TM, gS0 ) (resp. (TM1, gS0 )).
Remark. If M is compact, in the above proposition the map f can be replaced everywhere by
the volume functional F .
The values E(V ) and F(V ) can be seen as a mesure of how V deviates from been parallel.
The more properties ∇V has, the more likely is that V be critical. In particular, Hopf vector
fields defined on any odd-dimensional sphere (that can be characterized as the unit Killing
vector fields) are minimal immersions (see [10]) and harmonic maps (see [15]) and then critical
points of E |X1(M).
Nevertheless, there are many examples of unit vector fields having some of the properties
but not the others, as can be seen in [5, 6, 9, 13, 14, 22, 23] and [24].
For an element (V, g) in the manifold X(M)×M, the functional E considered in Section 3
has the form
E(V, g) =
∫
M
e(V, g) dvg = 12
∫
M
tr(g−1V ∗gS0 ) dvg =
1
2
∫
M
tr(Lg ◦ LV ) dvg0,
where Lg =
√
det Pg (Pg)−1 and Pg = g−10 g.
Let us consider the map
e˜ : X(M) × M → C∞(M),
(V, g) −→ 12 tr(Lg ◦ LV ).
We are going to compute its g0-gradient in the sense of Definition 1, b).
Proposition 12. The map e˜ admits g0-gradient and (Gradg0 e˜)(V,g) = (X (V,g), b(V,g)) where
b(V,g) is the symmetric 2-covariant tensor field associated by g0 with the endomorphism field
− 12((Lg ◦ LV − 12 tr(Lg ◦ LV ) Id) ◦ (g−1g0)) and X (V,g) is the vector field associated, by the
metric g0, with the 1-form ω(V,g) = −C11∇K where K = Lg ◦ (∇V )t .
Proof. We need to compute the value of (T(V,g) e˜)(A, b), the differential of e˜ acting on (A, b) ∈
Xc(M) × S2c (T ∗M). Let V : I → X(M) be a curve, for some interval I containig 0, such that
V (0) = V and V ′(0) = A; let g : I → M be a curve such that g(0) = g and g′(0) = b. If we
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use the notation L(t) = LV (t) and L(t) = Lg(t) then
L ′(0) = (∇ A)t ◦ ∇V + (∇V )t ◦ ∇ A,
L ′(0) = 12 tr(g−1b)Lg − (g−1b) ◦ Lg
and therefore
(T(V,g)e˜)(A, b) = 12 tr(L(0)L ′(0)) + 12 tr(L
′
(0)L(0))
= tr(Lg ◦ (∇V )t ◦ ∇ A) + 14 tr(g−1b) tr(Lg ◦ LV ) − 12 tr((g−1b) ◦ Lg ◦ LV ).
To write the tangent map in a simpler form we will use the following Lemma, the proof of
which is a straightforward application of the definitions.
Lemma 13. Let K be a (1, 1)-tensor field and let A ∈ X(M) be a vector field, then
tr(K ◦ ∇ A) = −(C11∇K )(A) − δα,
where α is the 1-form associated by the metric to the vector field K (A).
As a consequence, if we take K = Lg ◦(∇V )t , and ω(V,g), X (V,g) and b(V,g) as in the statement
then
tr(Lg ◦ (∇V )t ◦ ∇ A) = −δα + ω(V,g)(A) = −δα + g0(X (V,g), A),
and
tr(g−10 b
(V,g)g−10 b)
= 14 tr(tr(Lg ◦ LV )(g−1g0) ◦ (g−10 b)) − 12 tr(Lg ◦ LV ◦ (g−1g0) ◦ (g−10 b))
= 14 tr(g−1b) tr(Lg ◦ LV ) − 12 tr((g−1b) ◦ Lg ◦ LV ).
Hence
(T(V,g)e˜)(A, b)= −δα + g0(X (V,g), A) + tr(g−10 b(V,g)g−10 b)
= −δα + (X (V,g), A)g0 + (b(V,g), b)g0 . 
Using that Lg ◦ LV =
√
det(g−10 g)g−1(V ∗gS0 ) it is easy to obtain the following
Corollary 14. a) If m = 2, e˜ has no critical points.
b) If m = 2, (V, g) is a g0-critical point of e˜ (resp. e˜|X1(M)) if and only if V (M) is a minimal
submanifold of (TM, gS0 ) (resp. (T 1M, gS0 )) and g is a metric in the conformal class of V ∗gS0 .
For each g˜ ∈ M, we can consider the map eg˜ = e˜|X(M)×{g˜} and also its restriction to X1(M). It
is clear that eg0 = e and so we obtain a family of functionals generalizing the energy of vector
fields.
Corollary 15. a) V is a g0-critical point of eg˜ if and only if ω(V,g˜) = 0.
b) V is a g0-critical point of eg˜|X1(M) if and only if ω(V,g˜)(HV ) = {0}.
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c) For compact M , the condition ω(V,g˜)(HV ) = {0} characterizes critical points of the
functional Eg˜ : X1(M) → R that maps V into E(V, g˜). Critical points of Eg˜ : X(M) → R must
be parallel.
Proof. We only need to show the last assertion of c). If ω(V,g˜) = 0, taking A = V in Lemma 13,
we have ∫
M
tr(∇V ◦ Lg˜ ◦ (∇V )t) dvg0 = 0.
The integrand is nonnegative everywhere and vanishes only where ∇V itself vanishes, as can
be seen by writing it using a g0-orthogonal local frame, in which g˜−1g0 has diagonal form with
positive eigenvalues. 
Since ω(V,g0) = ωV , this result generalizes the corresponding one for the energy. On the
other hand, f (V ) = e˜(V, V ∗gS0 ) and the volume is not the restriction of e˜ to a slice but to
the submanifold {(V, V ∗gS0 ) ; V ∈ X1(M)}. Nevertheless, its first variation can be described
in terms of the first variation of the functionals eg˜ because, since ω(V,V ∗gS0 ) = ω˜V , then V is
minimal if and only if it is a critical point of eV ∗gS0 .
5. The harmonicity of a unit vector field
A vector field V such that the map V : (M, g˜) → (TM, gS0 ) is harmonic must be a g0-critical
point of eg˜, but as for the case g˜ = g0 the converse is not true in general. In order to characterize
those vector fields for which the above map is harmonic, we are going to compute its tension.
Since the vanishing of the 1-form ω(V,g˜) is a very strong condition – as far as we know, there
are not examples of this kind of vector field apart from the parallel ones – we are going to
consider the more interesting situation of unit vector field.
Theorem 16. Given a unit vector field V in a riemannian manifold (M, g0) and a metric g˜ on
M , the map V : (M, g˜) → (T 1 M, gS0 ) is harmonic if and only if
(a˜)
∑
i R((∇V )(E˜i ), V, E˜i )+ τg˜(Id) = 0 and
(b˜′) (∇V )(τg˜(Id))+
∑
i (∇E˜i (∇V ))(E˜i ) is colineal to V
where {E˜i } is a localg˜-orthonormal frame and τg˜(Id) is the tension of the identity map, considered
from the riemannian manifold (M, g˜) to (M, g0).
Proof. To compute the tension of V as a map in (TM, gS0 ), we will use the well known properties
of the Sasaki metric; the reader is referred to [3, chapter VII] that we will follow except for the
sign of the curvature operator.
For a vector field X ∈ X(M) we can define its horizontal lift Xhor and its vertical lift Xver to
TM . It is easy to see that for V, X ∈ X(M) we have
T V ◦ X = Xhor ◦ V + (∇X V )ver ◦ V .
This, together with the expression of the Levi-Civita connection of gS0 , denoted ∇ S , gives
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that ∇SX (T V ◦ Y ) = ξ ◦ V where ξ is the vector field in TM defined as
ξ = (∇X Y )hor + 12 R(∇Y V, V, X)hor + 12 R(∇X V, V, Y )hor
+ (∇X∇Y V )ver + 12 R(X, Y, V )ver.
Therefore, αg˜V (X, Y ) = ξ ◦ V where
ξ = ξ − (∇˜X Y )hor − (∇∇˜X Y V )ver
= (∇X Y − ∇˜X Y )hor + 12 (R(∇Y V, V, X) + R(∇X V, V, Y ))hor
+ 12 R(X, Y, V )ver + (∇X∇Y V − ∇∇˜X Y V )ver.
Then, the tension of V is
τg˜(V ) =
(∑
i
R((∇V )( E˜i ), V, E˜i ) + τg˜(Id)
)hor
+
(∑
i
∇E˜i ∇E˜i V − (∇V )
(∑
i
∇˜E˜i E˜i
))ver
.
The second term of τg˜(V ) can be written also as(
(∇V )(τg˜(Id)) +
∑
i
(∇E˜i (∇V ))( E˜i )
)ver
.
The result holds now because the map V : (M, g˜) → (T 1 M, gS0 ) is harmonic if and only if
for all p ∈ M the vector τg˜(V )(p), tangent to TM at V (p), is colineal to η(V (p)), where η is
the vector field normal to the immersion T 1 M ⊂ TM wich is given by η(V (p)) = V ver(V (p)).

With the same proof we can obtain that for a vector field V the map V : (M, g˜) → (TM, gS0 )
is harmonic if and only if (a˜) and (˜b) (∇V )(τg˜(Id))+
∑
i (∇E˜i (∇V ))(E˜i ) = 0.
It is clear that for g˜ = g0 we recover the results of [16] and [15], mentioned at the begining
of Section 4. But it is not so clear that condition (˜b′) is equivalent to ω(V,g˜)(HV ) = {0}, as it
should. It is worthwhile to show it directly
Proposition 17. Let ω be the 1-form defined by
√
det(g−10 g˜)ω = ω(V,g˜). Then ω is the form
associated by g0 to the vector field
(∇V )(τg˜(Id)) +
∑
i
(∇E˜i (∇V ))( E˜i ).
Proof. By definition, Lg˜ =
√
det Pg˜(Pg˜)−1 where Pg˜ = g−10 g˜ and
ω(X) =
∑
i
g0(∇E˜i K (X), L−1g˜ ( E˜i )),
whith K = Lg˜ ◦ (∇V )t . But g0((∇Y K )(X), Z) = g0(X, (∇Y K t)(Z)) and then
ω(X) = g0
(
X,
∑
i
(∇E˜i K t)(L−1g˜ ( E˜i ))
)
.
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Since
(∇E˜i K t)(L−1g˜ ( E˜i )) = ∇E˜i ∇E˜i V − (∇V ◦ Lg˜)(∇E˜i L−1g˜ ( E˜i )),
to conclude we only need to show that∑
i
∇˜E˜i E˜i =
∑
i
Lg˜(∇E˜i L−1g˜ ( E˜i )).
But for all X ∈ X(M)
Lg˜(∇X L−1g˜ (X)) =
√
det Pg˜ X
( 1√
det Pg˜
)
X + (Pg˜)−1(∇X Pg˜)(X) + ∇X X.
It can be shown, using Koszul formula, that ∇ and ∇˜ are related by
∇˜X Y − ∇X Y = 12 (Pg˜)−1((∇X Pg˜)(Y ) + (∇Y Pg˜)(X) − (β Pg˜)(X, Y )),
where g0((β Pg˜)(X, Y ), Z) = g0(X, (∇Z Pg˜)(Y )) and therefore
Lg˜(∇X L−1g˜ (X)) = ∇˜X X + 12 (Pg˜)−1((β Pg˜)(X, X)) − 12 tr((Pg˜)−1 ◦ (∇X Pg˜))X.
The result holds from the fact that, as can be seen by straightforward computation, we have∑
i
(Pg˜)−1((β Pg˜)( E˜i , E˜i )) =
∑
i
tr((Pg˜)−1 ◦ (∇E˜i Pg˜)) E˜i . 
As a consequence of Proposition 17, a unit vector field V satisfies (˜b′) for g˜ = V ∗gS0 if and
only if ω(V,V ∗gS0 )(H
V ) = {0}. So, V satisfies (˜b′) if and only if V is a minimal immersion and
then, if and only if the map V : (M, V ∗gS0 ) → (T 1 M, gS0 ) is harmonic. Thus, for g˜ = V ∗gS0
condition (˜b′) should imply (a˜). This can be seen also as a direct corollary of the following
18. Lemma. Let g˜ be the metric V ∗gS0 , for all X ∈ X(M) we have
R((∇V )X, V, X) + ∇X X − ∇˜X X = (∇V )t((∇V )(∇˜X X) − ∇X∇X V ).
Proof. If a vector field ξ of TM is of the form ξ = Y hor + Zver, it is not difficult to see that
the decomposition of ξ ◦ V into its two components, tangent to V (M) and orthogonal to it, is
ξ ◦ V = T V ◦Y + ξ2 ◦ V with Y = L−1V (Y + (∇V )t(Z)).
Using this formula for ξ ◦ V = ∇SX (T V ◦ X), we conclude that
LV (∇˜X X) = ∇X X + R((∇V )X, V, X) + (∇V )t(∇X∇X V ),
from where the result holds. 
To finish the paper, let us describe a very natural example. Let V be the Hopf vector field;
it is a unit vector field tangent to the fibers of the Hopf fibration π : S2n+1 → CPn . In S2n+1
we consider the canonical variation gt of the usual metric g (see [2], p. 252); for n = 1 these
metrics are known as Berger’s metrics. For all gt , π is a riemannian submersion with totally
geodesic fibers and, with the same arguments that are used in the particular case of g1 = g, it
is easy to see using Theorem 16 that
19. Corollary. The map V : (S2n+1, gt) → (T 1S2n+1, gS) is harmonic for all t .
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